Black holes are spun up by accreting matter and possibly spun-down by magnetic fields. In our work we consider the effect on black hole rotation of the two electromagnetic processes, Blandford-Znajek and Direct Magnetic Link, that differ in their magnetic field configuration. The efficiency of these processes varies with mass accretion rate and accretion regime and generally result in an equilibrium spin parameter in the range from 0.35 to ∼ 0.98. Magnetic field loses its energy while being accreted that may lead to an increase in equilibrium Kerr parameter for the case of advection-dominated disc. We find magnetic field decay decay can decrease electromagnetic term significantly thus increasing the Kerr parameter. We have performed Monte-Carlo simulations for a supermassive black hole population. Our simulations show broad distributions in Kerr parameter (0.1 a 0.98) with a peak at a ∼ 0.6. To explain the high observational Kerr parameter values of a 0.9, episodes of supercritical accretion are required. This implication does not however take into account black hole mergers (that play an important role for supermassive black hole evolution).
solution for black hole spin-up by accretion. Since then, several processes were proposed that may stop this spin-up at higher or lower spin values. First of all, selective capture of accretion disc radiation in Kerr metric is able to provide a strong counteracting spin-down torque if the BH rotation parameter is close to maximal. Due to this reason, it is impossible to spin up black holes to very high a (Thorne 1974) . Dimensionless spin parameter stalls at a value ∼ 0.998, when the spin-up is compensated by the angular momentum of the captured photons emitted by the inner parts of the flow.
The work by Kato et al. (2010) proposes that Blandford-Znajek process (Blandford & Znajek 1977) may be responsible for black hole spin settling somewhere around 0.4−0.5. The power of this process is determined by the Poynting flux generated by poloidal magnetic field and toroidal electric field induced by black hole rotation. Radio-bright active galactic nuclei (AGNs) and microquasars are supposed to power their jets via the Blandford-Znajek mechanism. At the end of XX century alternative mechanism known as direct magnetic link was proposed (see Uzdensky (2005) and references therein). Below we use the name DML (direct magnetic link) for any process of magnetic-field mediated angular momentum exchange between the BH and accretion disc.
Magnetic field in this case connects the black hole with the accretion disc. Depending on relation between the angular velocities of the black hole and the accretion disc, black hole can spin-up or spin-down. This mechanism differs from BlandfordZnajek process in its magnetic field geometry (see the next section and Uzdensky (2005), Krolik (1999) ). If magnetic flux through the disc is not zero, flux can be accumulated inside the last stable orbit that leads to Blandford-Znajek geometry. This is confirmed by many simulations (see for example McKinney et al. (2012) ). In our work we will consider black hole spin evolution taking into account both electromagnetic mechanisms: Blandford-Znajek process and DML. We will describe these processes in detail in the next section.
It should be noted that magnetic fields dissipate at the vicinity of the event horizon. Below, we use membrane paradigm (Thorne et al. 1986 ) to estimate "Joule losses" at the stretched horizon and the power that magnetic fields extract from black hole rotation. One actually needs accretion to supply the magnetic field. In this paper, we estimate the effect of magnetic field decay for constant mass accretion rate. Note that magnetic field can not dissipate in BZ case because magnetic flux is conserved and the field can be supported by currents in the disc.
In the following section, we discuss the basic properties of the basic electromagnetic field configurations, in section 3 we use membrane paradigm to estimate the angular momentum and energy extracted from a rotating black hole by magnetic fields for these configurations. In section 4, we discuss the influence of magnetic field decay. We present our results in section 5 and discuss them in section 6. In section 5 we also present some applications supermassive and stellar mass black holes.
POWER AND SPIN-DOWN RATE
In our work we use Membrane paradigm (Thorne et al. 1986 ) that helps describe the black hole horizon avoiding complicated general relativity calculations.
Recent numerical results such a jet simulations support the capability of this approach to reproduce the main features of black hole magnetospheres and accretion flows (Penna et al. 2013 ). In the Membrane approach framework (Thorne et al. 1986) , the event horizon is considered surrounded by the so-called stretched horizon -viscous conducting sphere that has finite entropy and does not conduct heat. This sphere rotates with angular velocity ΩH = a 2 c RH , here RH = 1 + √ 1 − a 2 GM/c 2 = rHGM/c 2 is horizon radius. Using this paradigm, properties of a black hole can be considered without complicated general relativistic calculations. This approach is sufficient for our needs. There are two main electromagnetic processes that affect the rotational evolution of a black hole: Blandford-Znajek process (Blandford & Znajek 1977) and direct magnetic link (Uzdensky 2005) . The main difference between these processes is in magnetic field configuration. Blandford-Znajek process works when field lines connect the black hole with a distant region such as jet 1 (Fig. 1, right) . In DML case magnetic lines connect the stretched horizon with the accretion disc ( Fig. 1, left) .
One can describe a black hole magnetosphere as a steady and axisymmetric system of nested electric circuits consisting of a battery and a load. The battery here is the warped space region near the black hole, and the jet or accretion disc plays the role of the load.
Poloidal magnetic field: here Ψ is magnetic flux, ̟ is the radial cylindric coordinate. Field lines in such configuration rotate as a rigid body with Ferraro angular velocity ΩF (Ferraro 1937) . In a force-free magnetosphere magnetic field is degenerate, E · B = 0, and one can write electric field as follows:
where ω is Lense-Thirring precession frequency and α l is the lapse function taking in account dilation of time. The electromotive force produced by the gravitational field:
This electromotive force is balanced by the potential difference along the horizon surface and potential difference in the load region:
The potential difference along the horizon part of the current:
One can find a potential difference within the load using eq. (4) and eq. (5) as follows:
Resistance of a horizon belt of latitudinal size ∆l:
here RH = 4π/c = 377 Ohm is specific horizon surface resistivity, Bn is normal component of magnetic field at the horizon, ∆l is elementary distance along the horizon between two magnetic layers. Since I = const inside a given flux tube,
Taking into account that ∆VL = I∆RL and ∆VH = I∆RH, one can write:
Total Joule losses for an elementary circuit are ∆P = I∆V . Dissipative power at the horizon:
Power transferred by Poynting vector towards the load equals:
The total energy losses towards the load may be found by integrating ∆PL over the magnetosphere:
Angular momentum losses may be calculated by integrating the rϕ-component of the Maxwell stress tensor:
Since energy and angular momentum losses differ by the factor of ΩF , we can interpret them as extraction of rotational energy from the black hole.
Depending on the difference between ΩF and ΩH , energy and angular momentum may be either absorbed by the black hole or extracted from it by magnetic fields. The main difference between the two configurations, Blandford-Znajek and direct magnetic link, is in the value of Ferraro frequency. For the Blandford-Znajek case, relation between ΩH and ΩF is determined by the unknown resistance of the distant load. Below we assume ΩF = ΩH /2 in the case of Blandford-Znajek configuration, that corresponds to maximal energy extraction rate from black hole rotation.
We assume that magnetic field is in equipartition with gas+radiation as B 2 p 8π = 1 β p, where p is total thermal pressure, and β is a dimensionless coefficient about unity. Finally, we write the two dynamical equations (12,13) for Blandford-Znajek process as follows:
In the case of direct magnetic link the effective black hole conductivity is much smaller than the conductivity of the ionized plasma of the disc. Therefore, magnetic field may be considered frozen into the disc at some effective radius r ef f close to the last stable orbit radius rin. The pressure inside a standard disc (in gas pressure dominated zone, (Shakura & Sunyaev 1973 ) is close to the maximal value at the distance of 1.3rin, hence we assume r ef f = 1.3rin in our calculations. Ferraro frequency equals Kepler frequency at the effective radius, ΩF = ΩK (r ef f ).
For higher rotation parameters, Keplerian frequency at the inner face of the disc is lower than the frequency ΩH , and black hole rotation energy is transferred to the disc. The innermost stable orbit corotates with the stretched horizon at a = acr ≃ 0.3594 (Uzdensky 2005), for r ef f = 1.3rin, the corresponding critical value is acr ∼ 0.218. It can be checked that for a > acr magnetic field slows down or stops black hole spin-up, and sometimes is proposed to stop accretion (Agol & Krolik 2000) by creating a non-zero torque at the inner boundary of the disc.
Magnetic field lines in the case of direct magnetic link connect disc to the stretched horizon, therefore the magnetic field strength should be modified by a factor determined by geometry. Magnetic flux conservation implies:
Here, hH is the width of the equatorial band at the horizon surface that is connected to the disc, h is disc half-thickness at the r ef f . Left-and right-hand sides correspond to the flux at the horizon and at the surface of the disc at r ef f . Finally, the energy and angular momentum transmitted by direct magnetic link may be expressed in a form similar to eqs. (14,15):
In our calculations we assume hH = RH .
The question may arise whether these two magnetic field configurations are the only ones allowed for accretion disks. The geometry of seed magnetic fields may be different but as long as we consider axisymmetric configurations such as accretion disks the possible zoo of magnetic field configurations is limited. One can expand magnetic field in multipoles. In general, every magnetic field configuration will consist of some uniform part and higher multipoles that should be confined inside the falling matter. Note that magnetic loop curvature leads to Lorentz force that makes some configurations unstable (such as the conventional DML case shown in figure 1, right panel). Our consideration of DML does not depend on the characteristic magnetic field spatial scales in the disk as long as radial motions are much faster inside the last stable orbit.
ROTATIONAL EVOLUTION
In this section we estimate the electromagnetic terms in rotational evolution for different accretion regimes. It is convenient to normalize all characteristic timescales to Eddington time t Edd = cκ/4πG ∼ 0.4Gyr that is the characteristic time for Eddington-limited accretion mass gain. In this section we use time normalized to Eddington time τ = t/t Edd , where κ is Thomson (electron scattering) opacity. A general expression for Kerr parameter evolution is:
Accretion disk models
In this subsection we give a small introduction to different accretion models and try to describe some of their limitations. Standard disc model by Shakura & Sunyaev (1973) now is the most widely used for intermediate accretion ratesṀ ∼ 0.01 − 1Ṁ Edd . In this model, there are at least three basic assumptions. One is "alpha-prescription", i.e. the assumption that viscous stress is proportional to thermal (gas+radiation) pressure with some coefficient α constant throughout the disk, W rφ = αp. The second assumption is that accretion disk is geometrically thin that implies that the thermal velocity and the radial velocity are much smaller than Keplerian velocity, and all the energy dissipated by viscous processes is radiated locally. The thinness of the standard disc makes it difficult to simulate numerically. We use relativistic version of the model (Novikov & Thorne 1973 ) in our calculations. Third, less frequently mentioned, assumption is the boundary condition at the inner edge of the disk where the viscous stress is assumed to be zero. Near the last stable orbit, some of the standard disk assumptions are violated. Firstly, near the last stable orbit the radial velocity can become comparable to Keplerian. Another thing is viscous stress tensor may deviate from zero near the last stable orbit. In a more comprehensive analysis, boundary condition is non-trivial that may be viewed as a torque applied to the inner edge of the disc. It contributes to angular momentum exchange between accretion disk and black hole that may be effectively incorporated in the DML term.
For very large and very small accretion rates one should take into account advection process that makes accretion disk geometrically thick.
For low accretion ratesṀ 0.01Ṁ Edd we use ADAF model by Narayan & Yi (1995) that describes a geometrically thick disk with radial energy advection, that has some non-negligible radial pressure gradient and radial velocity. Narayan& Yi's model is essentially self-similar hence all the velocities are locally proportional to the Keplerian velocity. The self-similar nature is the main disadvantage of this ADAF model since boundary conditions cannot be satisfied. The other problem is its instability to thermal perturbations (Blandford 2002) . This model can explain some observational results (Mahadevan 1998) , but other observations and simulations indicate the insufficiency of ADAF approach (Oda et al. 2012) . The main advantage of this model is its simplicity and the existence of analytical expressions for all the quantities such as gas pressure and the thickness of the disk.
The other model applied for low accretion rates is a modification of ADAF, Advection-dominated inflow-outflow solution -ADIOS (Blandford & Begelman 1999) . Apart from advection, this model also takes into account isotropic wind from the disk. Therefore, only a small fraction of the accreting matter falls onto the BH. Note however that for hydrodynamical disks, radiative inefficiency does not directly imply formation of massive outflows, as it was shown by Abramowicz et al. (2000) using analytical arguments.
The only model that consistently considers the transonic nature of the flow near the last stable orbit is the slim disk by Abramowicz et al. (1988) . Slim disk may be thought of as a standard disk where the assumptions of negligibility of pressure gradient and (v∇)v terms in Euler equations are relaxed. This model can be applied to any accretion disk within a wide range of accretion rates. The main reason why we do not use this model is lack of analytical solutions for the equation set defining the slim disk.
Supercritical accretion was considered with help of the model by Lipunova (1999) and its modified version by Poutanen et al. (2007) . This model is a generalization of the Shakura-Synaev's model for super-Eddington accretion rates. Unlike the slimdisk approach, it takes into account the loss of accreting material in the disk wind but includes advection that is important for large accretion rates. Numerical simulations confirm existence of outflows (see Ohsuga et al. (2005) , Fukue (2011), Yang et al. (2014)). However, some recent numerical results (Sadowski et al. 2014 ) argue for a more complex structure of the flow where winds exist at distances larger than the classical non-relativistic spherization radius but mass accretion rate is practically constant with radius in the inner parts of the disk. This may imply that the real mass accretion rates are several times larger in the super-critical case. This allows black holes to grow more rapidly than expected in the naïve non-relativistic approach but does not alter significantly the expected spin-up curve that we find indistinguishable from the dust-like solution (see below section 5.2.3).
Surely, there is a lot of limitations and simplifications in the models we use. But we hope that does not contribute significantly to our results. In discussion we consider some possible consequences of the over-simplifications introduced by the models used in our work.
Standard disc
Falling matter with high angular momentum forms an accretion disc around a black hole. As we have already mentioned above we used the relativistic version of Shakura-Sunyaev's model introduced by Novikov & Thorne (1973) . This accretion regime apparently occurs in outbursts of X-ray novae and in the bright AGNs (Seyfert galaxies and QSOs). In this model, the accretion disc is considered geometrically thin and optically thick and is divided into three zones A, B and C depending on the terms dominating pressure and opacity. Since we study the hottest inner parts of the accretion disc, only zones A and B were considered, where the main opacity contribution is electron scattering. Gas and radiation pressure dominate in zones B and A, respectively.
Here A, B, C, D, F, S are relativistic correction factors (see Penna et al. (2012) ).
The boundary between these zones is determined by equality between radiation and gas pressures and lies at r = r ab :
For a low accretion rates, effective radius is situated in zone B, and for accretion rates higher than ∼ 0.2Ṁ Edd (for M = 10 7 M ⊙) in zone A.
In our calculations we used viscosity parameter α equal to 0.1 and dimensionless coefficient β equal to 1. Variations of these parameters will be discussed in sec. 5.2. Accretion rate onto a black hole and its mass were normalized to the critical accretion rate (Eddington limit L Edd /c 2 ) and to the solar mass, respectively:
One can re-write the main evolutionary equations (14-17) for each of the two zones A and B in the case of standard relativistic sub-Eddington disc using eq. (18) for the pressure and Keplerian frequency as viewed from infinity ΩK = c
at effective radius r ef f = 1.3rin as follows:
DML (26) Here BZ and DML denote Blandford-Znajek scenario and direct magnetic link, respectively.
Advective disc
For low accretion rates (ṁ 10 −2 ), standard accretion disc is predicted to be unstable to evaporation (Meyer & Meyer-Hofmeister 1994) . In this case, accretion flows are optically thin and geometrically thick and lose inefficiently the energy released by viscous heating. In combination with efficient angular momentum transfer, this leads to a non-Keplerian flow where the heat is advected towards the black hole rather than lost with radiation. This type of accretion flows is known as Advection-Dominated Accretion Flows (ADAF).
Massive black holes in non-active (quiescent) galactic nuclei (like Sgr A*) in general show radiatively inefficient accretion having very little in common with the standard thin disc accretion picture.
There are two main effects that characterize this accretion regime in the disc: radial velocities are non-Keplerian and the disc is geometrically thick. Since there is no comprehensive relativistic analytical model for ADAF flows similar to the standard disc model, we use the non-relativistic self-similar model proposed by Narayan & Yi (1995) . In this model, all velocity components at some radius are proportional to the Keplerian velocity.
In particular, the radial velocity component is vr(R) = − (5 + 2ǫ) 3α 2 1 + 18α
In our simulations we use α = 0.1 and ǫ = 1, implying c1 = 0.43, c2 = 0.53 and c3 = 0.285. One more correction should be made connected to the high temperature of the accreted gas. One can estimate dimensionless specific enthalpy as follows:
Here, Σ and Π are vertically integrated mass density ρ and pressure p. Black hole spin evolution in absence of electromagnetic terms for ADAF regime is described by the following equation:
The main evolutionary equations for the case of conventional advective flow are the following:
3 Ω * mr
Here Ω * = c2ΩK is angular frequency for ADAF disc. The pressure is calculated in the following way:
There are some unconstrained coefficients and it is important to understand how much Kerr parameter evolution depends on their values. Numerical coefficient ǫ depends on the ratio of specific heats γ and on the fraction of advected energy f as
In non-relativistic case γ = 5/3, while for relativistic flow γ → 4/3. Fully advective disc has f = 1. If f ≪ 1, a large fraction of energy is locally radiated and the disc rapidly becomes thin. Hence we always use f = 1 for ADAF. Numerical coefficients c1 and c3 depend weakly on parameters ǫ and α. In the range 0.1 < ǫ < 1, and 0.01 < α < 1, they vary by about 10%. Non-Keplerianity parameter c2 depends on ǫ and α much stronger. Near the last stable orbit, no inwarddirected pressure gradient can be present hence the self-similar model probably under-estimates the value of c2. Matter-only term is proportional to c2, electromagnetic term is proportional to c2 c1 c
that varies by about 18% in DML case and to c 1/2 3 c1 that varies by about 21% in BZ case, hence its variations due to unknown equation of state and viscosity do not exceed ∼ 0.2. If we fix c2 equilibrium Kerr parameter varies up to 0.1% for BZ case and up to 6.5% in DML case. The largest uncertainty is connected to the unknown value of c2. Hopefully, further, more comprehensive studies will help constrain its value.
Supercritical discṁ >> 1
When the accretion rate is not very low and not very high, the standard disc theory can be applied. If accretion disc luminosity reaches the Eddington limit, H/R becomes close to 1 in the inner parts of the disc and the thin disc approximation breaks down. There are at least two effects influencing the properties of supercritical accretion: outflow formation (considered in (Shakura & Sunyaev 1973) ) and photon trapping (first considered in the advective Polish doughnut model (Abramowicz 2005) ).
Effect of advection dominates when accretion rate is very highṁ > 10 3 . Since there is numerical support for the outflow scenario (see for example Ohsuga & Mineshige (2007) ), we use an outflow-based model by Lipunova (1999) . An outflow starts at the spherization radius where H/R = 1. Below we will adopt spherization radius in the form rsp = 5/3ṁ. If effective radius is less than spherization radius, accretion rate becomes smaller and effectiveṁ ef f may be written as follows (see Lipunova (1999) and Poutanen et al. (2007) ):ṁ 
The matter flowing from the region inside the spherization radius removes angular momentum. Radial flux of angular momentum is:
Taking into account the features of supercritical regime, mass and spin evolution is described by the following equations:
4 MAGNETIC FIELD DECAY
Hall decay
In an accretion disc magnetic field decay is in equilibrium with magnetic field amplification by the instabilities such as MRI (Balbus & Hawley 1991) and dynamo processes (Chandrasekhar 1961) . This equilibrium state is shifted inside the last stable orbit where the plasma becomes magnetically dominated (gas and radiative pressure are reduced but magnetic field stress remaines practically unchanged). In these conditions magnetic field decay is primarily due to Hall cascade (Goldreich & Reisenegger 1992) . This effect does not change the total magnetic energy, but it can transfer the energy to smaller spatial scales where Ohmic decay runs faster. We assume that magnetic field lines, connecting a black hole with the disc have a curvature radius L of the order GM/c 2 . Following Goldreich & Reisenegger (1992) we can write magnetic field evolution equation for magnetic field affected by Hall effect:
The first term in this equation describes Hall cascade. For the largest loops, one may estimate ∂B/∂t ∼ B/τ , ∇ ∼ 1/L and obtain Hall timescale as following:
Here n is electron concentration and L is characteristic curvature scale. For geometrically thick flow electron concentration may be estimated as n ≃ṁ σT
Characteristic Hall timescale is:
Hall decay becomes important when τ Hall t dyn , when mass accretion rate is very small. Using expressions for an advective disc (section 3.3), one arrives to the following estimate:
Hall drift is thus unimportant for astrophysical black holes. The second term in eq. (38) describes Ohmic decay and its timescale τ Ohm ∝ σ, but conductivity of ionized relativistic plasma is very large, hence Ohmic timescale approaches infinity.
Joule losses
In Blandford-Znajek case magnetic field lines connect the black hole horizon with a distant load. Magnetic flux is conserved, hence large-scale magnetic field having non-zero flux through the equatorial plain can not dissipate and accumulates up to equipartition. These magnetic fields may be supported by electric currents in the accretion disc where resistance and dissipation are negligibly low. When we consider classical Blandford-Znajek magnetic field configurations, there is always a non-zero magnetic flux through the equatorial plane. As long as magnetic field lines are not allowed to move outwards (that is true as long as the field is frozen-in and accretion disc is present), the magnetic flux through the region inside the last stable orbit is also conserved, and one can set a lower limit for the magnetic field strength. Hence in the BZ case, magnetic flux conservation prohibits magnetic field dissipation below certain level. In the direct magnetic link case there are always tangential magnetic fields near the black hole horizon and the currents should at least partially flow close to the horizon where effective resistance appears due to general relativity effects. Hence we will consider magnetic field decay effect only for the DML case.
Classical DML scenario involving magnetic loops extending above the disc is excluded by numerical simulations (such as Penna et al. (2010) ). Instead, most of the magnetic field energy is stored in frozen-in loops that are advected with the falling matter. If magnetic fields are frozen into the free-falling matter inside the ISCO, the direction of the field should alter at least once at any radius, even close to the horizon. Magnetic field configuration is that of a driven current sheet, where dissipation is concentrated towards the middle plane and may be interpreted as magnetic field reconnection. Magnetic field dissipation leads to a magnetic torque value efficiently altered by some factor of χ < 1.
To estimate the magnetic field decay rate in membrane paradigm, one may consider toroidal currents responsible for radial magnetic field direction change. The amplitude of such a current is, approximately:
where D is the vertical scale of the falling magnetized flow. The radial extent of the flow is about Rin − RH . Effective surface current is thus:
Magnetic field B r here is estimated at the stretched horizon and differs from the "initial" magnetic field near the ISCO (that is close to equipartition) by the factor of disc cross-section ratio HinRin DR Magnetic field energy dissipated near the horizon may be estimated as the following integral upon the BH horizon:
This is the estimated loss of the magnetic field energy near the horizon. Note that it does not involve any processes connected to black hole rotation. Magnetic field energy input from the disc:
Practically always −ĖH ≫ĖD, and the two rates become comparable only if viscosity is high and the flow is geometrically thick. Equilibrium between field decay and replenishment requires Hin/Rin 1.
Presence of a decay mechanism may mean that the magnetic field responsible for radial transfer is generally smaller than one may expect. Inner flow thickness D close to the horizon may be estimated as D ≃ Hin if the flow geometry is not altered strongly by magnetic field decay itself.
Substituting all the quantities:
where Hin = hinGM/c 2 and D = dGM/c 2 . Figure 2 shows the estimated decay factor as a function of Kerr parameter. Summarizing, magnetic field decay is an important effect whenever there is tangential magnetic field component anywhere on the stretched horizon. Since magnetic field decay rate is generally several orders of magnitude larger than the rate of magnetic field replenishment from the disc (primarily because of vr ≪ 1), we conclude that DML momentum transfer is strongly damped.
RESULTS

Equilibrium Kerr parameter
Spin evolution equation may be written as:
First term here describes the Kerr parameter evolution connected to the angular momentum advected by the falling matter. It is proportional to mass accretion rate and usually positive. The second term corresponds to the contribution of electromagnetic processes described in sec. 2. This term is always negative in Blandford-Znajek regime and changes sign in the DML case when corotation radius equals the effective disc radius.
Additional multiplier χ takes into account magnetic field decay (see section 4). As long as the first term is higher than the second by its absolute value, black hole is spun up toward a ∼ 1 for a standard disc and up towards a ∼ 0.6 for a sub-Keplerian ADAF disc. Here we used j † = c2jK (rin), where c2 is a parameter taking into account deviation from Keplerian law (see section 3.3) and jK (rin) is net Keplerian angular momentum at the inner radius. If the second term is balanced by the first, black hole spin-up stops at the equilibrium Kerr parameter value aeq < 0.998.
Equilibrium spin parameter dependence on accretion rate is shown in Figure 3 . Solid lines correspond to the DML case and BZ is plotted by a dashed line. Red (grey) lines are hereafter used for stellar-mass black holes (M = 10M⊙) and black lines for SMBH (M = 10 7 M⊙). In this figure equilibrium Kerr parameter for DML processes with magnetic field decay is plotted by dotted line (see sections 4 and 5.2.1). In ADAF regime both electromagnetic and accretion terms are proportional to accretion rateṁ hence the equilibrium Kerr parameter does not depend onṁ. Also it does not depend on the BH mass that is why the solutions for supermassive and stellar-mass BHs are identical. For the standard disc case, the breakpoint marks transition from B to A zones. For the effective radius in zone B, spin evolution strongly depends on BH mass, and the influence of the BZ process for SMBH is more significant than for LMBH. The boundary between A and B zones depends on mass and accretion rate. For LMBH this transition takes place for accretion rates greater than for SMBH. In zone A, the dependence on mass is insignificant and spin evolution proceeds in the similar way for the two types of BH. But electromagnetic term depends onṁ somewhat weaker than accretion term, therefore the influence of BZ processes decreases with increasingṁ. DML in inefficient in the Standard disc case for both SMBH and LMBH.
Equation (41) has no more than one attractor in the range −1 < a < 1. For some parameter sets (DML+standard disc), there is no stable solution of the da/dt = 0 equation and the BH is spun up until a ≃ 0.998 where other effects not considered in this work (such as radiation capture, see Thorne (1974) ) come into play. In other cases, the black hole is always spun up for a < aeq and spun-down for a > aeq.
Rotational evolution of a typical SMBH
For a more detailed analysis of black hole rotational evolution we made simulations for different accretion regimes for a supermassive Kerr black hole with the following parameters: initial mass M0 = 10 7 M⊙, initial Kerr parameters a0 = 0 and a0 = 0.7. For arbitrary dimensionless accretion rateṁ, both mass and spin change at characteristic timescales ∼ t Edd /ṁ. For a constant non-zero accretion rate, mass grows monotonically and may be used as an independent variable. We consider ADAF regime with accretion rateṁ = 10 −3 , standard disc withṁ = 0.4 and supercritical regime witḣ m = 10. We set magnetization parameter β = 1 and α = 0.1. Note that if viscosity is created by chaotic magnetic field stresses α ∼ B φ Br 4πp ∼ 2 β hence αβ =const. Since the two parameters enter the equations in combination αβ (save the standard disc zone B where this statement is still approximately fulfilled; see section 3), the result depends weakly on the exact value of β.
Rotational evolution in ADAF regime
In section 3 it was noted that spin evolution under the matter accretion contribution for ADAF regime differs from the Bardeen solution due to non-Keplerian velocity law. In Fig. 4 , spin evolution for the matter-only solution is plotted with crosses, and one can see that there is an equilibrium Kerr parameter value less than unity. Spin evolution affected by the Blandford-Znajek process is plotted by a dotted line for a0 = 0 and by a solid line for a0 = 0.7. The dashed and dot-dashed lines show the DML case for a0 = 0 and a0 = 0.7, respectively . Maximal difference between BZ and sub-Keplerian matter-only solution is about 0.0067. We adopted ǫ ′ = 0.5 that implies parameter values of c1 ≃ 0.43, c2 ≃ 0.53 and c3 ≃ 0.285. Electromagnetic term for DML is higher than for BZ due to the difference in numerical coefficients and in the different dependence on the effective radius. Electromagnetic terms in these two cases differ by three orders of magnitude, the DML process being more efficient. Black hole mass growth is very slow and the Kerr parameter can not increase significantly during the cosmological time ifṁ 10 −2 . Note that the character of black hole rotation evolution at the timescales longer than the evolutionary time scale t Edd /ṁ is insensitive to the initial Kerr parameter.
As it was shown above (in sec.4) magnetic field decay is efficient only in the DML case. This process affects only the behaviour of the electromagnetic term in the evolutionary equation. Influence of magnetic field decay is shown in Fig. 5 . Here evolution for matter contribution is plotted by a crosses, evolution affected by DML processes without and with magnetic field decay is plotted by a dotted and a solid lines, respectively. One can see that equilibrium Kerr parameter increases from 0.36 to 0.45 due to the magnetic field decay.
Rotational evolution in standard disc regime
The results for the standard accretion disc are presented in Fig. 6 . Here again spin evolution in the Bardeen's case is shown by crosses, spin evolution affected by the Blandford-Znajek processes is plotted by dotted (a0 = 0) and solid (a0 = 0.7) lines and in DML case by dashed (a0) and by dot-dashed (a0 = 0.7) lines. In this case direct magnetic link is much less efficient than Blandford-Znajek processes.
Depending on magnetic field geometry, spin evolution may result either in fast rotation with a ≃ 1 or in an intermediate a ≃ aeq where matter spin-up is balanced by magnetic field spin-down. As in ADAF case, equilibrium Kerr parameter does not depend on the initial Kerr parameter value.
Rotational evolution in supercritical regime
In Fig. 7 we present our results for the case of supercritical regime. Here spin evolution of a black hole for matter contribution is plotted by a grey solid line, evolution affected by DML processes is plotted by dotted (a0 = 0) and solid (a0 = 0.7) lines. Figure 6 . Spin evolution of a black hole with initial mass M 0 = 10 7 M ⊙ , initial Kerr parameters a 0 = 0 and a 0 = 0.7, accretion ratė M = 0.4Ṁ Edd (Standard disc regime). Evolution for accretion matter contribution is plotted by crosses, evolution affected by DML processes is plotted by dashed (a 0 = 0) and dot-dashed (a 0 = 0.7) lines. Evolution affected by BZ process by a dotted line for a 0 = 0 and by a solid line for a 0 = 0.7. The inset shows difference in Kerr parameter between the unmagnetized (Bardeen) and DML cases for a 0 = 0.
Evolution affected by BZ process by a dashed line for a0 = 0 and by a dot-dashed line for a0 = 0.7. The corrections to all Kerr parameters introduced by different electromagnetic processes are plotted in the inset by the same linestyles.
As it was shown above (in sec. 4) magnetic field decay is efficient only in the DML case. This process affects only the behaviour of the electromagnetic term in the evolutionary equation (41).
Note that the character of black hole rotational evolution at the timescales longer than the evolutionary time scale t Edd /ṁ is insensitive to initial Kerr parameter. 
Black holes in X-ray binaries. Comparison with observational data
X-ray binaries are usually divided into low-mass X-ray binaries (LMXB) with a donor star of several solar masses or smaller and high-mass X-ray binaries (HMXB) with the donor masses of tens of solar masses. In this section we consider spin evolution of such systems including X-ray novae and microquasars. Predictions of simple constant mass accretion rate models are compared to the observational data on several black hole X-ray binaries. We assume that initial Kerr parameters of these objects are a0 = 0 since there are reasons to expect BHs to be born slowly rotating (Moreno Méndez 2011). According to the work by Podsiadlowski et al. (2003) , accretion rates in these systemsṁ 1 hence we used a constant accretion rate model withṁ = 1 in our calculations. We plot evolutionary tracks for black holes with masses 5, 7 and 10 M⊙ in Figure 8 . Solid and dashed lines represent the black hole evolution affected by Blandford-Znajek and DML processes, respectively. Here, DML is indistinguishable from Bardeen solution.
There are at least two methods used for black hole spin estimates: fitting the thermal X-ray continuum and modelling the FeKα line profile. Due to some effects such as comptonization the line profile can broaden and Kerr parameter value will be overestimated. Continuum fitting, on the other hand, allows to reproduce the jet luminosity proportionality to a 2 ). Therefore we used fitting results ) for six objects analyzed with a continuumfitting technique. These objects are shown in Fig. 8 .
This figure can be used to constrain the possible initial masses for each object and mass gains during mass exchange, these estimates given in Table 1 . Electromagnetic processes do not change initial black hole mass estimates significantly, but observational spin values may be used to constrain the contribution of electromagnetic processes and possibly the mass accretion rates.
Results of our simulations are in accordance with the sources listed in a Table 1 except for the object GRS 1915+105. Mass gain of the black hole in this system is about 5 solar masses, but donor mass is much smaller. The black hole has a large Kerr parameter and mass, that suggests that this system could undergo component exchange with another system. Our estimates do not take into account the possibility of such exchange that can still be important for binary evolution. The other peculiar thing about this system is the extremely high value of a 0.98 that either requires super-critical accretion or excludes the contribution of Blandford-Znajek processes during the black hole spin-up. Since this system is currently an active microquasar, the supercritical stage scenario seems more probable.
While for microquasars, estimated spin values are usually 0.5, X-ray novae such as A 0620-00 and GRS 1124-68 are supposed to have small a 0.3 (Suleimanov et al. 2008 ). The only exception is GRO J1655-40 that is classified both as 
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an X-ray nova and a microquasar. Donor masses in such systems are 1M⊙ and the black hole mass gains are probably insufficient for significant spin-up during the evolutionary time.
Massive black hole binaries like M33 X-7 and the two objects from LMC have a broad range of spin values that conforms with the expectation that these objects should follow a nearly Bardeen spin-up track and thus can acquire a ≃ 1 if given sufficient time.
Our results are in a good agreement with the recent results by Fragos & McClintock (2014) who use models of stellar evolution to explain the observed correlation between black hole masses and rotation parameters in low-mass X-ray binary systems.
Monte-Carlo simulations of a SMBH population
All the evolutionary scenarios described in the previous sections are simplified models. In real life black hole evolution is more complicated. We have made population synthesis of black holes rotational evolution assuming that Blandford-Znajek and DML processes may affect black hole spin evolution simultaneously. We use the Monte-Carlo technique for population synthesis of rotational evolution of a reasonably realistic supermassive black hole population. We assume the initial masses distributed according to the log-uniform law (dN/d ln M = const) between 10 6 M⊙ and 5 × 10 8 M⊙. All the objects are born at z = 15. Dimensional accretion rate was chosen for each black hole and for each time bin according to a log-normal law with the dispersion of D(lgṀ ) = 0.65 and the mode (probability maximum) at 1.3 × 10 −3 M⊙ yr −1 . For these parameter values, a conventional black hole with M ∼ 10 7 M⊙ spends ∼ 5 − 10% of all time in active state that conforms to the existing duty cycle estimates (Shankar et al. 2013) . Initial Kerr parameters are distributed uniformly between 0 and 1. Here we consider the black hole active if the dimensionless accretion rate exceeds 0.01. This value is also assumed the transition mass accretion rate between standard and advective disc regimes. Supercritical disc model is applied wheṅ m > 1/η(a), where η = 1 − E † is radiative efficiency. We assume that Blandford-Znajek process operates in the circumpolar regions and DML operates near the equatorial plane of the black hole horizon. Simulations Barkov & Khangulyan 2012) show that magnetic lines connecting a black hole with infinity occupy much larger surface area of the black hole horizon (Blandford-Znajek process works here). Therefore we assume that the DML works in a narrow equatorial region that occupies only 10% of the black hole horizon and Blandford-Znajek process works on the remaining 90% of the surface. Existence of such a region corotating with the inner part of the disc is also confirmed by simulations (Penna et al. 2013) .
Distribution of all the objects in Kerr parameter at z = 0 is shown in Fig. 9 with a solid line. Kerr parameter distribution for AGNs is plotted by a dashed line and quiescent nuclei are shown by a dotted line. In this figure one can see a wide distribution with a peak at intermediate Kerr parameters a ∼ 0.6 − 0.7 that corresponds to accretion through a standard disc. Supercritical accretion regime creates the high Kerr parameter wing of the distribution. The trail to the left consists of unevolved black holes with sub-equilibrium rotation parameters of a ∼ 0.1 − 0.5 and is produced by ADAF regime in quiescent BH like Sgr A*.
We have also performed simulations in other assumptions, but the results presented above seem the most realistic. In particular, we simulated black hole population evolution affected by the BZ process only. In this case we have only one narrow peak at a ∼ 0.5 in contradiction with observational data (Reynolds 2013) . Another model was evolution driven solely by the DML process. This case is more interesting: there is a lot of objects with small and intermediate Kerr parameters, but there are no objects with Kerr parameters 0.7 that disagrees with the observational data.
In the recent work of Moreno Méndez (2011) the author shows that in X-ray binaries initial black hole Kerr parameters should be very small a ∼ 0 and to explain the observed large Kerr parameters, black holes must have suffered long periods of supercritical accretion. Distribution of all objects with initial Kerr parameter uniformly distributed (a0 < 1) is shown in Fig. 10 . Simulations with a0 = 0 and a large fraction (∼ 10%) of supercritical regime are plotted by a dashed line. In the same figure distribution with uniformly distributed initial Kerr parameter described above is shown by a solid line. Distribution with a0 = 0 and with a reasonable fraction of supercritical regime (∼ 5%) is plotted by a dotted line. This figure shows the following features for the model with a0 ∼ 0: black hole evolution in sense of a(M ) is determined by standard disc accretion, but its timescales are longer and closer to the timescales of inefficient ADAF accretion. Hence, a lot of objects in the simulated population are unevolved. This model shows deficit in black holes with a 0.6 and this is in contradiction with observations (see McClintock et al. (2011) for review). The contribution of supercritical accretion is too small to significantly spin up a black hole, since this regime is difficult to sustain for black holes with m0 > 5 × 10 7 and the fraction of supercritical accretors with m0 ∼ 10 7 is less than several percent. Subsequently all the objects accumulate mass and dimensionless accetion rate decreases. Supercritical accretion shifts the mode of the distribution towards higher Kerr parameters. The model with increased mass accretion rate (shown by a dashed line in Fig. 10 ) shows a lot of rapidly rotating black holes, but there is a lack at medium and small a. These two simulations are in contradiction with observations (see Reynolds (2013) and references therein).
DISCUSSION
It is hard to satisfy boundary conditions in the framework of the Narayan & Yi (1995) self-similar ADAF model. Accretion disk structure is strongly deformed near the last stable orbit where gas pressure approaches zero. In our calculations we assumed magnetic pressure proportional to thermal pressure. But while gas pressure goes to zero near the ISCO, magnetic stresses vary smoothly and remain reasonably high due to magnetic flux conservation (see Abolmasov (2014) ). Using the self-similar model is better justified in this case than using slim-disk models together with the assumption that magnetic fields are everywhere proportional to thermal pressure. A self-consistent MHD approach would be a better approximation. While corrections to the electromagnetic term due to transonic nature of the disk are probably slight, angular momentum of the falling matter should be more sensitive to the processes at the inner boundary of the disk because the balance between the individual terms in the radial Euler equation shifts rapidly close to the sonic surface.
The matter falling inside the last stable orbit conserves its angular momentum while outside the sonic surface, angular momentum may be easily transferred by tangential viscous stresses. Hence the angular momentum of the in-falling matter should be estimated at the sonic surface rather than at the ISCO.
Continuity equation may be written approximately as:
where d describes the geometry of the streamlines: d = 1 corresponds to cylindrical radial flow, d = 2 in case of spherical radial flow.
Let us combine it with the radial component of the Euler equation:
Using these equations one can obtain the radial Grad-Shafranov equation (Beskin 2010) :
At the sonic surface, denominator becomes zero hence the numerator should be zero too. This yields us angular momentum in the form:
Here c * 1 is coefficient that describes the deviations from Keplerian angular law (see section 3.3). In the self-similar ADAF model, (H/r) 2 = 2.5c3. In our calculations we used c3 = 0.285. Using this value for cylindrical radial flow one can find c * 1 = 0.536 that is close to the value c1 = 0.43 that we used in our calculations. For spherical flow c * 1 is very close to unity. We may conclude that our calculations are close to reality if disk height is constant near the sonic surface.
This may be the case if the flow inside the last stable orbit becomes magnetically supported in vertical direction. In Shafee et al. (2008) , Abolmasov (2014) and other works, rotation of magnetized accretion disks was found to be close to Keplerian near the last stable orbit. However, these works aimed on reproducing relatively thin disks with H/r ∼ 0.1. In thicker disks, deviations from Keplerian law should be larger. Besides, magnetic field configuration in fact is expected to affect the rotation of the inner disk regions through magnetic pressure and tangential stress.
In general, recent simulations support the BZ scenario ) and practically exclude the DML scenario. There are two reasons for this. First, inside the last stable orbit, density becomes very small and thermal pressure can no more counteract the Maxwellian stresses that leads to deformation and expansion of the magnetic field lines toward infinity. The second reason is existence of a large magnetic field in Blandford-Znajek configuration (with geometry close to a splitmonopole) that leaves very small area for accretion and for field lines connecting the stretched horizon with the accretion disc. Numerical results suggest that either DML contribution to black hole rotation is practically absent or at least operates only on a small fraction of the stretched horizon surface (see also above section 5.4).
However, the results of these simulations are in apparent contradiction with observational data on super-massive black holes in galactic nuclei. Observations show that only about 7÷8% of active galactic nuclei launch radio-bright jets (Ivezić et al. 2002) . The reason for prevalence of radio-quiet objects is yet unclear, it may be connected to the overall magnetic flux through the black hole vicinity or to the broken symmetry of the magnetic field geometry. A probable reason for the discrepancy between simulations and observations is that most of the recent numerical simulations consider accretion discs with large-scale poloidal magnetic fields capable for rapid accumulation of magnetic flux inside the last stable orbit. Perhaps, smaller-scale chaotic magnetic fields would produce field geometry that is closer to the DML case. DML configuration plotted in Fig. 1 can not be realized because Lorentz force acting on the magnetic loops inside the free-fall region will collapse them vertically. A more realistic picture with both processes, BZ and DML, taking place, is plotted in Fig. 11 . Magnetic fields are supposed to be chaotic in the accretion disc: even regular fields are converted to small-scale loops due to Hall effect and magnetic instabilities (such as the magneto-rotational instability applied for accretion discs by Balbus & Hawley (1991) ). Hence, in the accretion flow, substantial part of the magnetic field energy will be stored in smallscale loops having zero magnetic flux through the equatorial plane of the black hole. This part of the magnetic field is also a subject to dissipation at the horizon. As long as these chaotic magnetic fields are confined inside the accretion flow they can contribute to the DML process. Note that any magnetic loop with non-zero radial extension contributes to DML through frame-dragging; in full general relativity, one does not need to approach the horizon. Whether this condition is normally fulfilled or not is non-trivial and requires further thorough analytical and numerical consideration.
In our paper we did not consider mergers that may however have an important effect upon the evolution of SMBH. For example, in the work of Volonteri et al. (2005) the authors have made population synthesis of black holes with mergers and obtained Kerr parameter distribution similar to our result: Kerr parameter distributed between 0.1 and 0.9 with a peak at a = 0.5 − 0.6. Most probably, if we will perform population synthesis of a black hole population taking into consideration both mergers and electromagnetic processes, we would obtain a qualitatively similar but broader distribution. But the question remains open: why do we observe a lot of black holes with high Kerr parameter? And the most probable explanation is supercritical accretion.
For a sample of black holes accreting magnetized matter for a large enough amount of time, broad distribution in spin is expected. Some of the objects stall near the critical a value, some are expected to evolve toward a ∼ 1. However, spin and mass evolution timescales are mostly larger than the Eddington timescale, and often larger than Hubble time. Together with the importance of mergers for black holes in galactic nuclei, it makes unreasonable to expect black hole rotation to be consistent with any unique spin value. Modeling taking into account all the effects is required.
In general, any black hole that gains an amount of mass comparable to its initial mass approaches its equilibrium rotation.
Accretion disc
Free−fall region black hole Higher-mass black holes in binary systems should have also higher Kerr parameters, in consistence with the observed higher masses of the black holes in microquasars in comparison with the lighter black holes in X-ray novae (Banerjee & Mukhopadhyay 2013) .
CONCLUSIONS
In our work we aimed on constraining the role of angular momentum exchange between the BH and accretion disc and that of general relativistic magnetic field decay that should affect this process. We find that DML-like processes may be important for thick advective discs, but magnetic field is damped significantly close to the horizon. Equilibrium Kerr parameter in this case is in the range ∼ 0.3 − 0.5 and is primarily determined by deviations from Keplerian law in the disc. In supercritical regime, both electromagnetic processes do not influence black hole spin evolution significantly. We have made Monte-Carlo simulations for a supermassive black hole population assuming that both processes operate simultaneously. For a reasonable parameter set, we obtain a broad distribution in Kerr parameter 0.1 a 0.9 with a peak at a ∼ 0.7 that is in fair agreement with observational data. For stellar mass black holes, the observed correlation between black hole masses and Kerr parameters may be understood as a consequence of accretion mass gain of 1 − 10M⊙ in most of black hole binary systems.
Our results show that black hole observational appearance is sensitive to the accretion history, primarily to the period when most of the mass is gained. In the standard disc regime, a black hole gains a larger part of its mass and Kerr parameter increases faster than in ADAF regime.
